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Abstract 

A 2-component link Ci U C2 gives a torus Ci x C2 in the set of the 
pairs of points in S^. We study the area of the torus with respect to a 
natural pseudo-Riemannian structure of set of the pairs of points in 
which is compatible with Mobius transformations. We show that a link 
attains the minimum area if and only if it is the "best" Hopf link. 
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1 Introduction 

Geometric knot theory is the study of measuring the geometric complexity of 
curves by "energy functionaM\ One of its origins is [01], where the first ex- 
ample of energy functionals for knots, the energy E, was introduced. It is 
the renormalization of modified electrostatic energy of charged knots. Later, 
Freedman, He, and Wang showed that this energy is invariant under Mobius 
transformations. On the other hand, in his attempt to the Willmore conjecture, 
Langevin has studied integral geometry on the space of subspheres of from 
a viewpoint of conformal geometry. 

In this paper we introduce an energy functional for 2-componcnt links by 
studying the space of oriented 0-spheres in S'^ , 5(0, 3). It has symplectic struc- 
ture and pseudo-Riemannian structure both of which are conformally invariant, 
i.e. compatible with Mobius transformations. They appear quite naturally in 
the study of conformal geometry. The former is obtained by identifying 5(0, 3) 
with the total space of the cotangent bundle of . The latter is obtained by 
identifying 5(0, 3) with a Grassmannian manifold of oriented 2-planes through 
the origin of the 5-dimcnsional Minkowski space that intersect the light cone 
transversely. 

A 2-component link Ci U C2 produces a torus Ci x C2 in 5(0, 3) since a pair 
of points {x,y), where x € Ci and y G C2, is a point in 5(0,3). We define its 
" (imaginary) signed area" and the area with respect to the pseudo-Riemannian 



structure of 5(0,3). Our main theorem (Theorem 3.3) claims that the former 
vanishes for any hnk and that the latter attains the minimum value if and 
only if the link is the "besf'Hopf link. 

The key of the proof is the infinitesimal cross ratio, which was introduced 
in the joint paper with Langevin [LO]. It is the cross ratio of a;, a; + dx, y, and 
y + dy, where these four points are considered complex numbers by identifying 
a sphere through them with the Riemann sphere C U {oo}. It can be considered 
a complex valued 2-form on C'l x C2. It is conformally invariant. Moreover, 
it is the unique conformal invariant of a pair of 1-jets of a given curve up to 
multiplication by a constant. We showed that the energy E can be expressed 
as the integration of the difference of the absolute value and the real part of the 
infinitesimal cross ratio ([LO]). 

Our theorem can be proved as follows: The first part can be proved by 
showing that the (imaginary) signed area element of the torus Ci x C2 is equal 
to the real part of the infinitesimal cross ratio. It turns out to coincide with 
the pull-back of the canonical symplectic form of the cotangent bundle of . 
Therefore the (imaginary) signed area element is exact. The second part fol- 
lows from geometric argument on the ^'conformal angle" which can express the 
infinitesimal cross ratio. 

Throughout the paper, a link means a smooth (or at least of class C^) 2- 
component link. 

Acknowledgement. The author thanks deeply Remi Langevin for helpful 
suggestions. 

2 Space «S(0, 3) of oriented 0-spheres in 

Let 5(0,3) be the set of oriented 0-spheres in S^. Topologically speaking, it 

can he identified with x \ A. We show that it admits natural pseudo- 
Riemannian structure and symplectic structure which are conformally invariant. 

2.1 Symplectic structure 

Let us fix a diffeomorphism between x \ A and the total space of the 
cotangent bimdle of S^. 

Assume is the unit sphere in M^. Let a; be a point in S^, the orthogo- 
nal complement of Span(a;), and Px : S^\ {x} Ux a stereographic projection. 
We identify T^S^ with Ux- Then we can identify \ {x} with T*S^ through 
a bijection given by 

iPx:S^\{x}3y^ {TxS^ Bv^ Px{v) • e M) G T*^^, 

where • denotes the standard inner product in (Figure 1). It induces a 
canonical bijection between S'^ x S"* \ A and T* 

ip:S^xS^\AB{x,y)^ {x, ipx{y)) e T*S\ (1) 
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Figure 1: The bijection between x S^\A and T*S^ 



As a cotangent bundle of a manifold has the canonical symplectic form, the 
space 5(0, 3) admits a natural symplectic structure. The canonical symplectic 
form is conformally invariant, namely: 

Lemma 2.1 ([LO]) Let LUs^ be the canonical symplectic form of the cotangent 
bundle T*S^, and tp the bijection from x \ A to T*S^ given by (1). 
Then the pull-back (p*Us3 is invariant under the diagonal action of a Mobius 
transformation T : {T x T)*ip*Us3 = (p*uis3. 

2.2 Pseudo-Riemannian structure 

We show that 5(0, 3) is a Grassmannian manifold of oriented 2-planes through 
the origin of the 5-dimensional Minkowski space that intersect the light cone 
transversely. The pseudo-Riemannian structure of the Minkowski space natu- 
rally induces that of <S(0, 3). 

2.2.1 Minkowski spaces 

The Minkowski space Mf is K'"' with indefinite inner product 
(a;, y) = -xoyo + xiyi H h X4y4- 

A vector V in is called spacelike if {v,v) > 0, lightlike if {v,v) = and 
V 0, and timelike if {v,v) < 0. The set of lightlike vectors and the origin 
L = G Mf I {v,v) = 0} is called the light cone. The "pseudosphere" A = 
{v £ = 1} is called the de Sitter space. Let {eo,ei,-- - ,64} be the 

standard pseudo-orthonormal basis of Rf with Bq being timelike. 

Let iT be a 2-dimensional vector subspace of Mf . There are three cases which 
are mutually exclusive. Let ( , )|j7 denote the restriction of ( , ) to iT. 

(1) The case when (, )\n is non-degenerate. This case can be divided into 
two cases. 

(1-a) The case when ( , )\n is indefinite. It happens if and only if U inter- 
sects the light cone transversely. In this case iT is said to be timelike. 
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Figure 2: 



(1-b) The case when ( , )|77 is positive definite. It happens if and only if 77 
intersects the light cone only at the origin. In this case II is said to 
be spacelike. 

(2) The case when ( , ) [77 is degenerate. It happens if and only if n is tangent 
to the light cone. In this case 77 is said to be isotropic. 

The 3-sphere can be realized in Mf as the set of lines through the origin 

in the light cone. Wc will denote it by S'''(oo). It can be identified with the 
intersection of the light cone and the hyperplane given by {xq = 1}. We will 
denote it by 

2.2.2 The set of 0-spheres as a Grassmann manifold 

An oriented 0-sphere in can be realized in Rf as the transversal intersection 
of S^(oo) and an oriented 2-dimensional timelike vector subspace. Therefore the 
set <S(0, 3) can be identified with the Grassmannian manifold Gr_ (2; Mf ) of ori- 
ented 2-dimensional timclikc subspaccs of M'J. It follows that the set S{0, 3) is a 
homogeneous space 5*0(4, 1)/S'0(3) x 5*0(1, 1). We give its pseudo-Riemannian 
structure explicitly in what follows. 

2.2.3 Pliicker coordinates 

Let us recall Pliicker coordinates of Grassmannian manifolds. Let 77 be an 
oriented 2-dimensional vector subspace in Rf with an ordered basis {x, y} which 
gives the orientation. Define pi^i^ {0 < ii,i2 < 4) by 




(2) 
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They satisfy the Pliicker relations: 



Y.i-^)''PiijkP{hhh}\{jk} = 0- (3) 
fe=i 

There are five non-trivial Pliicker relations and exactly three of them are inde- 
pendent.® 

As we are concerned with the orientation of the subspaces, we use the Eu- 
clidean spaces for the Pliicker coordinates in this article instead of the projective 
spaces which are used in most cases. The exterior product of x and y in Mf is 
given by 

a;Ay = (••• eM^° (ii < «2) 

2 

through the identification /\Mf ^ R^°. 

2 

2.2.4 Pseudo-Riemannian structure of /\Ki 

The indefinite inner product of the Minkowski space Kf naturally induces that 

2 

of A^i =R^° by 



{x Ay,x' A y') 



{x,x') {x,y') 
{y,x') {y,y') 



(4) 



for x,y,x', and y' in R^. 

The above formula is a natural generalization of the one for the exterior 
products of four vectors which we obtained in [LO], where we studied the set of 
oriented spheres in S^. 

2 

It follows that /\ can be identified with E}^ with the pseudo-Riemannian 



structure with index 6, which we denote by Rg , with {si^ A ei^}i^^i^ being a 
pseudo-orthonormal basis with 

f -1 if «i > 1' 
I +1 if %i = 0. 

2 

The norm l^l of a vector v in /\ = Rq° is given by \/\{v, v)\ . 

2 

2.2.5 <S(0,3) as a pseudo-Riemannian submanifold of A^^i 

2 

Let us realize 5(0,3) as a pseudo-Riemannian submanifold of /\R^ = Rg". 

Lemma 2.2 Let 11 he a 2- dimensional vector subspace in Rf spanned by x and 
y. Then U is timelike if and only if 

{x Ay, X Ay) > 0. 



5 



Proof. Let us use the classification given in subsubsection 2.2.1. 

Case (1): Suppose 11 is not isotropic. We may assume without loss of 
generality that {a;, y} is a pseudo-orthonormal basis of 11. If 11 is timelike, one 
of a; and y is timclikc, and therefore (a; Ay, a; Ay) = 1 by (4). If U is spacelike, 
then {x Ay, x Ay) = —1. 

Case (2): Suppose U is isotropic. Then 11 is tangent to the light cone at 
a lightlikc line I. Now we may assume without loss of generality that {a;,y} 
is a pseudo-orthogonal basis of U and that x belongs to I. Then we have 
{x Ay, X Ay) = 0. □ 

This Lemma and Lemma 2.7 in the next subsubsection imply 



Proposition 2.3 Let 6(0,3) be a subspace o//\Mf = Mg° given by 

- X] + X] -1 = 



6(0,3) = < 



(' ' ' ; Piii2 5 ' ' ' ) S 



ii>l 



i2>l 



'^i-'^)''PiljkP{jij233}\{3k} = 



k=l 



(6) 



It is a 6 -dimensional pseudo-Riemannian submanifold o/Mg*^ with index 3. 
The set <S(0, 3) of oriented 0-spheres in S'^ ean be identified with 6(0,3) 
through a bijection ip given by 



V: 5(0,3) 



Gt— (2 5 li^-^ 



nnS^{oo) n = Span{x,y) t-» 



6(0,3) C AKf =M^° 

w (7) 
a; A y 



|a; Ay| 



2.2.6 Conformal invariance of the pseudo-Riemannian structure 

We show that the pseudo-Riemannian structure of <S(0, 3) is conformally in- 
variant, namely, a Mobius transformation of induces a pseudo-orthogonal 

2 

transformation of 6(0,3) C A^^i- Let 0(4,6) denote the pseudo-orthogonal 
group of ]Rg°. 

Definition 2.4 Define a map ^ : M5(M) Mio(M) by 

^ : M5(M) bA= (aij) ^ <Z^(^) = (a/j) G Mio(R), 
where I = (iii2) and J = (jij2) are multi-indices, and dij is given by 



aij = 



Hl]2 
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Lemma 2.5 (1) We have 

(Ax) A (Ay) = ^{A) {x A y) {Vx, y G K?) (8) 
/or AeM5(K). 

(2) IfAe 0(4, 1) then if(^) e 0(4,6). 

(3) The restriction of ^ to 0(4, 1) is a homomorphism. 

We can say more, although wc do not give a proof here: The matrix tf'(^) can 
be characterized by the equation (8). The reverse statement of (2) also holds. 
The restriction of ^ to Gl{5,R) is a homomorphism whose kernel consists of 
{±/}. 

Proof. (1) The definition of djj implies ^{A) (e^^ ASi^) = (^CjJ A (Asi^). 

(2) If A G 0(4, 1) then (4) and (8) imply 

{^iA)ie,, A e,,), 1'{A){ej, A e^J) = (e,, A ei,, e^, A e^,) , 

which implies ^{A) G 0(4,6). 

(3) Routine calculation in linear algebra implies ^{AB)ij = '^^clik^kj- 

□ 

Then the formula (7) implies 
Corollary 2.6 We have 

iIj{A-I]) =^{A)'il}{E) 

for S G 5(0,3) and A G 0(4, 1), where tp is the bijection from <S(0,3) to 
6(0,3) c Rg" given by (7) and ^ the homomorphism from 0(4, 1) to 0(4, 6) 
given in Definition 2.4. 

Lemma 2.7 The restriction of the indefinite inner product o/Mg° to each tan- 
gent space o/©(0, 3) induces an non-degenerate indefinite inner product of index 
3. 

Proof. The conformal invariance of the pseudo-Riemannian structure allows 
us to assume that a 0-sphere U is given by a pair of antipodal points, say 
(±1, 0, 0, 0). The index can be calculated in several ways. 

(i) It corresponds to 77 = Span{eQ, Ci) in the Grassmannian Gr_(2; R'^). The 
tangent space Tn Gr- (2; Rf ) is isomorphic to Hom (iT, iT-"-) , which is isomorphic 
to M2,3(R). We can construct six vectors which form a pseudo-orthonormal basis 
of the tangent space explicitly. It turns out that three of them are timelike and 
the other three are spacelike. 

(ii) The tangent space TsQ{0, 3) can be identified with the pseudo-orthogonal 
complements of the vector subspace spanned by gradients of the defining func- 
tions of &{0, 3) which appear in (6). The gradients of the Pliicker relations, three 
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of which are independent, span timelike subspace, and that of — X]ii>i -P*i*2^ + 
Si2>i?'oi2^ — 1 spaceUkc. Hence the index can be given by 6 — 3 = 3. □ 

The index can also be implied by Propspsition 3.2.6 of [Ko-Yo] if we use the 
fact that <S(0,3) is a homogeneous space 50(4, 1)/S0{3) x 50(1, 1). 



3 Area of a product torus in «S(0, 3) of a link 



A pair of ordered points can be considered an oriented 0-sphere. Therefore the 

set of pairs of points {{x,y) \x £ Ci,y G C2] forms a torus in 5(0,3). Let us 
call it the product torus of a link L = Oi U O2 . We identify Ci x O2 with the 
torus in 5(0, 3) in what follows. 

Let a be the composition of maps: 

CT : Oi X O2 5^ X A-"" 



.5(0,3)^9(0,3), 

where is the bijection given by (7). We identify cr(Oi x O2) with d x 6*2. The 
area element dv associated with the pseudo-Riemannian structure of 0(0,3) is 
given by 



a*dv 



dx Ady , 



where ax and ay denote ^(x,y) and ^(x,y) in T„(x y)@(0,3). 

ox oy ^ 

Lemma 3.1 Both ax and ax are null vectors. Namely we have {ax, ax) = 
{ay, ay) = 0. 

We give a computational proof here, as a geometric proof need some prepa- 
ration. 

Proof. Suppose points in Ci and C2 are parametrized (s) and 

y = y{t). Let x and y be maps to 5'^(1) in Rf given by x{s) = {l,x{s)) and 

m '={hy{t)). Put 

p{s,t) = x{s)Ay{t)^k^l = K- 
If we put a{s,t) = a{x{s),y{t)) then it is given by 

p{s,t) 



a{s,t) = ' 

{pis, t), pis, t))'- 

Since x and y are lightlike vectors, (4) implies 



(P,P) = - 



{x,x) {x,y) 
{y, x) {y, y) 



= {x,yf 



{p,Ps) = {x,y){xs,y) 

{Xg, Xg) {Xg, y) 



{Ps,Ps) = - 



{y,Xg) {y,y) 



{xs,yf- 
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Therefore, 



{P,P){Ps,Ps) - (p,Psf 



= 



□ 



It follows that the area element dv is given by 



a*dv = 



-{<^x, cTy)"^ dx A dy. 



Definition 3.2 (1) Define the signed area element a of <j{Ci x C2) by 



Theorem 3.3 (1) The signed area of a product torus a{Ci x C2) of any link 
L = Ci L) C2 is equal to 0. 

(2) The area of a product torus a{Ci x C2) of a link L = Ci U C2 takes its 
minimum value if and only if L is an image of the standard Hopf link 



{{z, w)gC^ : \z\ = 1, w = 0} U {{z, w;) G : 2 = 0, = 1} C (9) 



by a Mohius transformation. 

4 Infinitesimal cross ratio 

Let us explain the infinitesimal cross ratio of a link L = Ci UC2, which serves as 
a bridge between two structures of <S(0,3). We assume that both components 
Ci and C2 are oriented. 

4.1 Geometric definition of the infinitesimal cross ratio 

Suppose X G Ci and y G C2. Let EL(x,y) denote a bitangent sphere at x and 
y, i.e. the 2-sphere which is tangent to Ci at x and to C2 at y. It can be 
considered the 2-sphere that passes through four points x,x + dx, y, and y + dy 
(Figure 3). It is generically determined uniquely unless these four points are 
concircular, which is a codimension 2 phenomenon. Identify SL(x,y) with the 
Riemann sphere CU{cxd} through a stereographic projection p (Figure 4). Then 
the four points x,x + dx, y, and y + dy can be considered four complex numbers 



a*a = {ax, ay) dx A dy. 



and the signed area of the surface a{Ci x C2) by 




(2) Define the area of the surface a{Ci x C2) by 
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Figure 3: Bitangcnt sphere y) 



Figure 4: A stereographic projec- 
tion from the south pole 



X = p{x) , X + dx = pix + dx) , y = p{y), and y + dy = p{y + dy) . Let Q.L{x,y) 
be the cross ratio {x + dx, y;x,y + dy): 



Remark: (1) To be precise, we need an orientation of SL{x,y) to avoid the 
ambiguity of complex conjugacy (the reader is referred to [02] for the details). 
Wc omit the argument of orientation in what follows as we only need the real 
part of the infinitesimal cross ratio in this paper. 

(2) The infinitesimal cross ratio docs not depend on the stereographic projec- 
tion by the following reason. Suppose we use another stereographic projection. 
Then we get another quadruplet of complex numbers, which can be obtained 
from the former by a linear fractional transformation. Since a linear fractional 
transformation does not change the cross ratio, flLix, y) is determined uniquely. 
(We have omitted the argument of orientation here. ) 

Definition 4.1 ([LO]) We call nL{x,y) the infinitesimal cross ratio of a link 



4.2 Infinitesimal cross ratio as a complex valued 2-form 

We show that the infinitesimal cross ratio can be considered a complex valued 
2-form on Ci x C2. 

Definition 4.2 (Doyle and Schramm) Let r{x, x, y) be an oriented circle which 
is tangent to Ci at x that passes through y, and r{y,y,x) an oriented circle 
tangent to C2 at y through x. Suppose r{x, x, y) and r{y, y, x) are oriented by 
the tangent vectors to Ci at x and to C2 at y respectively. Let 6 {0 < 6 < n) 
be the angle between r(jj,y,x) and r(x,x,y). We call it the conformal angle 
between x and y and denote it by 9L{x,y). 



^L{x,y) 



(x + dx) — X y — X dxdy 



(10) 



(i -f dx) - (y + dy) ' y ~ {y + dy) " 2/)^ ' 



C1UC2. 
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Generically, r(x, x, y) and r{y, y, x) are different. If so, the bitangent sphere 
^L{x,y) is the unique sphere that contains both r{x,x,y) and r{y,y,x). The 
conformal angle is conformally invariant, i.e. we have 9T{L){T{x),T{y)) = 
9L{x,y) for a Mobius transformation T. 

Proposition 4.3 ([LO]) 

dxdy 

(1) The infinitesimal cross ration fiifx, y) has the absolute value — and 

\x - yY 

the argument 9L{x,y). Therefore it can be considered a complex valued 2- 
form on Ci x C2 given by 

nUx,y) = e^'^<^^'y^j^^. (11) 
\x-yr 

(2) The infinitesimal cross ratio is conformally invariant. Namely, if T is a 
Mobius transformation then 

(T X TynriL) = ^L, 

where T x T denotes the diagonal action. 

The conformal angle 6 : Ci x C2 ^ [0, tt] may not be a smooth function of 
X and y where it takes or tt. It behaves like an absolute value of a smooth 
function. Therefore, the imaginary part of the infinitesimal cross ratio may be 
singular where the conformal angle vanishes. 

4.3 The real part of the infinitesimal cross ratio 

We show that the real part of the infinitesimal cross ratio can be interpreted 
in two ways according to the two structures of 5(0, 3) explained in section 2, 
namely, as the canonical symplectic form and as the signed area element. 
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Lemma 4.4 ([LO]) The real part of the infinitesimal cross ratio is equal to the 
minus one half of pull-back of the canonical symplectic form LVs^ of the cotangent 
bundle T*S^• 

mnL = ~i*ip*ujs3, (12) 

where ip is the bijection from x \A to T*S^ given by {1) and i is an 
inclusion map from Ci x C2 to x \ A. 

Lemma 4.5 The real part of the infinitesimal cross ratio is equal to the half of 
the pull-back of the signed area element of a{Ci x C2): 

Ke = y a*a = y {<Jx,cry) dx A dy. 

We give a computational proof here. (Wc can also give a geometric proof 
using pseudo-orthogonal basis of 5(0, 3) which can be obtained by pencils. ) 

Proof. Let x{s), y{t), x{s), y{t),p{s, t), and d{s,t) be as in the proof of Lemma 
3.1. 

Let 6L{x,y) denote the conformal angle. The pull-back of the real part of 
the infinitesimal cross ratio is given by 

{{x X yymnL) {s,t) = \x'{s)\\y'it)\dsAdt. 

On the other hand, the pull-back of the signed area element is given by 

{{x X y)* {{aa:,ay) dx A dy)) {s,t) = {as,at){s,t) ds A dt. 
Therefore, we have only to show 

(a„at)(s,t) =2^M^ cos(^i(x(s),2/(t)) (13) 

for any fixed (so,to)- 

The conformal invariance of the both sides allows us to assume that x{so) 
and y{to) are antipodal, say, x{so) = (0,0, 1,0) and y(to) = (0,0,-1,0). 

Since 

/- ~\ {P,P)(Ps,Pt) - {p,Ps)(p,Pt) 

= 
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the formula (4) implies that the following hold at {so,to), 

{p,p){so,to) = {x{so) Ay{to),x{so) A y{to)) 

^_ {x{so),x{sq)) {x{so),y{to)) 

{y{to),x{so)) {y{to),yito)) 

= 4, 

{p,Ps){so,to) = {x{so) Ay{to),x'{so) Ay(to)) 

^_ (S(so),x'(so)) {x{so),y{tn)) 

{y{to),x'{so)) {y{to),y{to)) 

= 0, 

(j)s,Pt){so,to) = (x'(so) Ay{to),x{s„) Ay'{to)) 

^_ {x'iso),x{so)) (x'(so), j/'(io)) 
{y{to),xiso)) {yito),y'ito)} 

= -2x'{so)-y'ito). 

Therefore, 

(CTs,CT()(S0,i0) = --^x'{so) ■ y'{to)- 

Since xq = x{so) and yo = y{to) are antipodal we have (Figure 7) 
Ol{x{so), y{to)) = TT - Zx'{so) ■ y'{to). 





-2 




-2 





-2 








x'{so)-y'{to) 
-2 




Figure 7: 



It follows that 

{as, at){so, to) = ~x'{so) ■ y'{h) = 2^^^^?^^^ cos^4a;(so), t/(to)), 

which completes the proof. □ 

The above proof implies that the surface a{C\ x C2) is generically of mixed 
type. Namely, 
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Corollary 4.6 The restriction of the pseudo-Riemannian structure of S(0,3) 
to a tangent space of the torus a{Ci x C2) induces a non- degenerate indefinite 
quadratic form with index 1 if the conformal angle 6{x,y) between x and y 
(Definition 4.2) is not equal to ^; otherwise it induces a degenerate one. 

5 Proof of the main theorem 

Proof of Theorem 3.3 (1) Lemma 4.5 and Lemma 4.4 imply that the signed 
area element a of the torus cr(Ci x C2) is equal to the minus of the pull-back 
of the canonical symplectic form cUgs of T*S^: 

a*a = —L*(p*UJs3. (14) 

Since a canonical symplectic form of a cotangent bundle is an exact form, the 
signed area element is an exact form. 

(2) Lemma 4.5 and Proposition 4.3 imply that the area of of the surface 
a{Ci X C2) is given by 

Area(Ci X C2) = 2 / l^nLl^^f \^2^M^2y)i dx dy . (15) 

JC1XC2 JcixC2 F ~ y| 

It follows that Area(Ci x C2) is equal to if and only if the conformal angle 
9{x, y) is equal to ^ for any a; e Ci and y G C2. 

Suppose Area(Ci x C2) = 0. Let cc be a point in Ci. Let Cx be the set of 
the circles which are tangent to Ci at x. Then C2 can intersect circles in Cx 
only in the right angle (Figure 8). Consider a stereographic projection tt from 




Figure 8: The circles of C^; 

Figure 9: The image by tt 



\ {x} to M^. It maps Cx to the set of parallel lines. Since 7r(C2) can intersect 
lines of tt(Cx) only in the right angle, 7r(C2) is contained in a 2-plane which is 
orthogonal to the lines in 7r(C2) (Figure 9). Therefore, C2 is contained in a 
sphere Ex which intersects Ci in the right angle at x (Figure 10). 

Let x' be a point of Ci close to a;. As Ci intersects Sx orthogonally at x, 
we can take x' outside Sx- Therefore, Sx 7^ Ex'. Since C2 is contained in the 
intersection Ex H Ex', C2 must be a circle (Figure 11). The same argument 
shows that Ci is also a circle. 
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Figure 10: 



Figure 11: 



7r(Ci) 

Figure 12: 



Consider the stereographic projection tt again. Since Ci is a circle, 7r(Ci) 
is a line. Then 7r(C2) is the intersection of two spheres which intersect the hne 
7r(Ci) in the right angle (Figure 12). Therefore, ■n{C2) is symmetric in the line 
7r(Ci). It follows that 7r(Ci) U 7r(C2) is an image of the standard Hopf hnk 
(Figure 12). □ 

Remark: The formula (14) does not hold for surfaces in 0(0,3) which cannot 
be obtained as "products" of curves in in general. 

Let [L] denote an isotopy class of a link L. Let Area {[L]) denote the infimum 
of the areas of the product tori of the links which belong to [L] : 

Area ( [Ll ) = inf Area iC\ x Cn ) . 

c[uc',_e[L\ 

Corollary 5.1 If L is a separable link or a satellite link of a Hopf link then 
Area([L]) = 0. 

Proof. Suppose i = Ci U C2 is a separable link in M.^. We can make \x — y\ 
(x e Ci, ?/ e C2) as big as we like. Now the conclusion follows from the formula 
(15). 

Suppose L = Ci UC2 is a satellite link of a Hopf link. Then it can be captured 
in a very thin tubular neighbourhood of the standard Hopf link given by (9). 
Furthermore, for any positive constants and 62 the link can be placed so that 
outside a small region of Ci x C2 whose measure is 6iLcngth{Ci) ■ Lcngth{C2) 
the conformal angle satisfies \9l — f | < 52- Since \x — y\ {x £ Ci,y £ C2) is 
bounded below, the formula (15) implies that it completes the proof. □ 

We like to end this article with a conjecture. 
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Figure 13: A satellite link of a Hopf link 



Conjecture 5.2 Wc conjecture that Arca([i]) does not always vanish. For 
example, if L = Ci U C2 is a hyperbolic link each component of which is a non- 
trivial knot, then there is no solid torus Hi so that Ci is contained in Hi and 
C2 in \ iJi. We conjecture that Area([i]) is positive for such a link type. 
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